Abstract. Some inequalities of Jensen type for Arg-square-convex functions of unitary operators in Hilbert spaces are given.
Introduction
Let (H; h ; i) be a complex Hilbert space. We recall that the bounded linear operator U : H ! H on the Hilbert space H is unitary i¤ U = U 1 : It is well known that (see for instance [4, 
for any x; y 2 H: For z 2 Cr f0g we call the principal value of log (z) the complex number
where 0 Arg (z) < 2 :
We observe that for t 2 [0; 2 ) we have
If we extend this equality by continuity in the point t = 2 , then we can de…ne the operator Log(U ) : H ! H as follows:
Log e
In what follows we establish some results connecting this operator with the function of operator f (U ) for a class of function we call Arg-square-convex such that a Jensen type inequality and related results can be derived.
The Results
The function f : C (0; 1) ! C will be called Arg-square-convex if the composite function ' : [0; 2 ] ! [0; 1); 
n ; where n is a positive integer, is Arg-square-convex. We have
f n e is 2 = jf n;c (1)j 2 = (2 ) 2n :
and ' q (2 ) = lim
The function f q for q 
1=2
is an Arg-square-convex function on C (0; 1) :
The following Jensen's type result holds:
be a unitary operator on the Hilbert space H and f : C (0; 1) ! C an Arg-square-convex function on C (0; 1) : Then we have "
for any x 2 H; kxk = 1; where
Proof. Since f is continuous on C (0; 1) and U is a unitary operator, then by (1.4) we have
for any x 2 H; kxk = 1; where fE g 2[0;2 ] is the spectral family of U: 
for any x 2 H; kxk = 1:
Log e i d hE x; xi = hLogU x; xi for any x 2 H; kxk = 1; then we get from (2.3) the second inequality in (2.1).
If we write this inequality for the continuous convex function ' (t) = f e it 2 on the interval [0; 2 ] ; then we have
for any 2 [0; 2 ] : Integrating on [0; 2 ] over the monotonic nondecreasing integrator hE x; xi we get
Now, observe that the Riemann-Stieltjes integral R 2 0 d hE x; xi exists and can be written as:
The proof is completed.
The following result also holds:
Theorem 2. Let U 2 B (H) be a unitary operator on the Hilbert space H and f : C (0; 1) ! C an Arg-square-convex function on C (0; 1) : Then we have
Proof. First of all, we recall the following result obtained by the author in [1] that provides a re…nement and a reverse for the weighted Jensen's discrete inequality:
n min i2f1;:::;ng
i2f1;:::;ng
where : C ! R is a convex function de…ned on the convex subset C of the linear space X; fx i g i2f1;:::;ng are vectors and fp i g i2f1;:::;ng are nonnegative numbers with
For n = 2 we deduce from (2.5) that 2 min ft; 1 tg (x) + (y) 2
x + y 2 (2.6) t (x) + (1 t) (y) (tx + (1 t) y) 
If we write the inequality (2.7) for the continuous convex function
on the interval [0; 2 ] ; then we get
Let x 2 H with kxk = 1: Integrating on [0; 2 ] over the monotonic nondecreasing integrator hE x; xi we get
and since
and, similarly, (2.11)
then by (2.9)-(2.11) we get the desired result (2.4).
In the following, an upper bound for the nonnegative di¤erence kf (U ) xk (2.12)
Proof. By the convexity of the function ' (t) = f e it 2 on the interval [0; 2 ] ; we have
for any x 2 H; kxk = 1: Applying the second inequality from (2.7) for the convex function ' (t) = f e it 2 on the interval [0; 2 ] and for the intermediate point
for any x 2 H; kxk = 1: Since, as above,
for any x 2 H; kxk = 1; then we deduce from (2.13) and (2.14) the desired result (2.12). 
Examples
Let U 2 B (H) be a unitary operator on the Hilbert space H: Then for n 1; a natural number, we have
jln jhLogU x; xij + iArg (hLogU x; xi)j n ;
for any x 2 H; kxk = 1: It follows from (2.1) applied for the function f n :
n : If we apply the same inequality for f q : C (0; 1) ! [0; 1), f q (z) = jLog (z)j q ; then we get
jln jhLogU x; xij + iArg (hLogU x; xi)j q ;
for any x 2 H; kxk = 1 and q n , then we get
for any x 2 H; kxk = 1; where n is a natural number with n 1:
The same inequality applied for f q (z) = jLog (z)j q provides
for any x 2 H; kxk = 1 and q 1 2 : Finally, if we use the …rst inequality from (2.12) we also get:
hjLog (U )j x; xig which are Arg-square-convex functions on C (0; 1) for any real number 6 = 0:
We also notice that the family of functions f m;n : C (0; 1) ! C, f m;n (z) = z m [Log (z)] n ; where m 6 = 0 is an integer and n is a positive integer, are Argsquare-convex functions.
The reader may apply the above inequalities for these functions as well. However, the details are omitted.
For Jensen's type inequalities for functions of selfadjoint operators see the recent book [2] . For related results see, [3] .
